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Introductioh. An i n t e r e s t  i n  problems involving func t iona l  d i f f e r -  
e n t i a l  equations has been evidenced recent ly  and severa l  papers have 
been wr i t t en  using r e s u l t s  about these  systems which were previously 
published. 
of'ten used reference.  
mistake i n  [ 4 ]  and t o  present the cor rec t  r e s u l t s .  
I n  pa r t i cu la r ,  t h e  book (41 by Halanay has become an 
The purpose of t h i s  note i s  t o  point out a 
The systems under consideration here  a r e  l i n e a r  d i f f e r e n t i a l  
systems w i t h  time delays (Chapter 4, 93 of [ 4 ] ) ;  namely, systems of 
t h e  form ( s e e  p. 362-368 i n  [ 43) 
where t h e  funct ion 7 ,  which i s  of bounded va r i a t ion  (B.V.) i n  s, 
may contain a s ingular  pa r t .  The c a s e  w h e r e  71 has no s ingular  
p a r t  i s  considered co r rec t ly  i n  [4]. 
r e s u l t s  fo r  t h e  general  case under s l i g h t l y  l e s s  r e s t r i c t i v e  hypDthe- 
ses  than i n  [43. 
low, appear as t h e  l i nea r  va r i a t iona l  equations i n  t h e  study of gen- 
e r a l  nonlinear va r i a t iona l  (optimal cont ro l )  problems ( see [ 23).  
We s h a l l  der ive t h e  co r rec t  
The systems (l), under t h e  hypotheses s ta ted  be- 
The e r ro r  i n  [ 41 i s  due t o  an incor rec t  interchange of t h e  
order of i n t eg ra t ion  involving a S t i e l t j e s  i n t eg ra l .  
i n t e g r a l  can be wr i t ten  as  a sum plus  a Lebesgue i n t e g r a l  ( i . e . ,  i f  
7 
so lu t e ly  continuous f'unction) then t h e  ordinary Fubini 
If t h e  S t i e l t j e s  
has no s ingular  pa r t  and can be wr i t t en  a s  a s a l t u s  plus  an ab- 
-2- 
theorem can be used as w a s  done i n  (41. 
where t h e  measure depends on both var iab les  of i n t e g r a t i o n  and con- 
t a i n s  a singular p a r t ,  an unsymmetric Fubini type theorem ( s e e  [ 3 ] )  
must be used. To use t h i s  cor rec t ly ,  one must always interchange 
over regions which a r e  rec tangles  ( t h e  cross-product of i n t e r v a l s ) .  
However, i n  t h e  general  case 
For those readers  who a r e  not f ami l i a r  with Lebesgue- 
S t i e l t j e s  integrat ion,  t h e  following reasoning w i l l  show t h a t  some 
of Halanay's r e s u l t s  on t h e  general  systems (1) a r e  incor rec t .  
system (1) includes a s  a spec ia l  case a system with a simple time 
The 
l a g  
?(t) = A ( t ) x ( t )  + B(t)x( t -O) + f ( t )  
and 7 i s  very easy t o  f ind  i n  t h i s  case. The ad jo in t  system f o r  
( 2 )  i s  well-known and i s  given co r rec t ly  i n  [4]. If t h e  ad jo in t  
system given by Halanay f o r  t h e  general  case of (1) i s  co r rec t ,  it 
should reduce t o  t h e  ad jo in t  system f o r  (2)  whenever ( 2 )  i s  con- 
sidered a s  a spec ia l  case of (1). 
does not and hence must be incor rec t .  
It i s  not hard t o  show t h a t  it 
In  what follows we s h a l l  use vec tor  matrix nota t ion  and a 
vector  and i t s  transpose w i l l  not be dis t inguished when it i s  c l e a r  
what i s  meant. For t h e  convenience of t h e  reader,  we have used t h e  
nota t ion  of Halanay i n  [ 41 whenever possible .  
-3 - 
$1. Representation o f  solutions.  
r e sen ta t ion  theorem ( a  variation-of-constants formula) f o r  so lu t ions  
x of (1) i n  terms of so lu t ions  of an ad jo in t  system under t h e  f o l -  
lowing assumptions on 7. A s  a function of t ,  v(t ,s)  i s  measurable 
f o r  each fixed s, and f o r  each t, it i s  of bounded v a r i a t i o n  i n  s. 
We suppose t h a t  t h e r e  e x i s t s  a f i n i t e  constant -‘c such t h a t  q ( t , s ) =  
v ( t , - T )  f o r  s 5 -T and every t ,  and a l s o  t h a t  v( t ,s)  = 0 f o r  
s 2 0. We f u r t h e r  assume t h a t  there  i s  an L1 func t ion  m ( t )  such 
t h a t  
I n  t h i s  sec t ion  we de r ive  a rep- 
I ~ ( t , s ) l  5 m ( t )  f o r  a l l  s 
and 
f o r  every t .  
Thus we a r e  considering e s s e n t i a l l y  t h e  same 7 a s  i n  [ 4 ]  
except t h e  condition t h a t  V(t,s) be continuous i n  t ,  uniformly i n  
s, has been dropped. O u r  assumptions on 7 a r e  q u i t e  reasonable 
and systems s a t i s f y i n g  these  hypotheses a c t u a l l y  appear i n  applica- 
t i o n s  ( s e e  [ 2 ] )  where v i s  a measure ( i n  s) obtained from t h e  
Riesz theorem. 
Under t h e  above assumptions t h e  system (1) can be w r i t t e n  
or  
where we assume t h a t  f i s  a given L1 function. I n  t h e  discus- 
s ions  below, it w i l l  o f t en  be convenient t o  use a func t ion  p which 
we now define a s  p ( t , s )  E T( t , s - t ) .  Then p ( t , s )  = 0 for s t t 
and p ( t , s )  = p ( t , t - z )  for s 5 t - 2 .  
L e t  .(a) be a so lu t ion  t o  (3) f o r  a > u which s a t i s f i e s  
x(a)  = cp(a) on [a-T,a], where cp i s  i n  BV[u-T,u]. That i s ,  
x(a)  i s  an absolu te ly  continuous function f o r  a > u, s a t -  
i s f y i n g  (3) a.e. on some i n t e r v a l  and agreeing w i t h  t h e  
function cp of bounded v a r i a t i o n  on (6-T,u]. For each t i n  
(u,T],  l e t  Y(a,t) be B.V. i n  a and s a t i s f y  
[u ,T]  
where E i s  t h e  n x n i d e n t i t y  matrix. We a l s o  assume t h a t  
Y ( s , t )  E 0 f o r  s > t. T h i s  assumption i s  not necessary i n  order 
to -:-a 1 ~ ~ 1 ~  C L r  ~ U C  so>&lon of (41, but i s  convenient f o r  t h e  representa- 
t i o n  t o  be found below. Theorems guaranteeing t h e  ex is tence  and 










theorems f o r  t h e  system ( 3 )  can be obtained by an easy genera l iza t ion  
of  Theorems 1 and 2 i n  [l]. (The requirement t h a t  t h e  i n i t i a l  func- 
t i o n  cp be continuous i n  (11 i s  not necessary; cp of bounded var ia -  
t i o n  i s  s u f f i c i e n t . )  
Using t h e  in t eg ra t ion  by p s r t s  formula fo r  Lebesgue-Stielt jes 
i n t e g r a l s ,  we obta in  
This gives 
or 
( 5 )  
Let us consider t h e  l a s t  term on t h e  r i g h t  s ide  of equa- 
t i o n  ( 5 ) .  T h i s  term may be wr i t ten  
which i s  equal t o  
s ince  p ( a , s )  = constant = 0 f o r  s h Q and p(a,s)  = constant = 
p(a,a--r) f o r  s 5 Q-T. We next use an unsymmetric Fubini type 
theorem due t o  Cameron and Martin [33 t o  interchange t h e  order of 
i n t eg ra t ion  i n  t h e  above i n t e g r a l .  This theorem says t h a t  under 
c e r t a i n  hypotheses on t h e  func t ions  involved ( t h e s e  hypotheses 
a r e  e a s i l y  shorn t o  be s a t i s f i e d  i n  our case) one has  
Applying t h i s  we have 
Since p(a,s)  = 0 f o r  Cx 5 s, t h i s  i n t e g r a l  may be w r i t t e n  
- 7- 
Thus equation ( 5 )  becomes 
Since Y ( s , t )  s a t i s f i e s  (4 )  we obtain 
-8- 
If u and t a re  such t h a t  U+T < t, then t h e  proper t ies  
p(a ,s)Y(a, t )da i s  a constant function of s of '1 imply t h a t  
for s i n  [a-T,U] so t h a t  t h e  l a s t  term above may be wr i t t en  a s  
6 + T  
If 
Y ( a , t )  = 0 f o r  a > t. Hence we have 
U + T  > t, then we may s t i l l  wr i te  t h e  l a s t  term t h i s  way s ince 
(7) 
T h i s  i s  a var ia t ion-of-constants  formula f o r  so lu t ions  x 
of (3) i n  terms of a pa r t i cu la r  ad jo in t  so lu t ion  Y of (4 ) .  It 
should be noted t h a t  both t h e  ad jo in t  (4 )  and t h e  representa t ion  i n  
(7) d i f f e r  from those of Halanay i n  [4]. T h i s  author has been un- 
ab le  t o  f i n d  any meaningful representat ions using t h e  type of sys- 
tems given a s  t h e  ad jo in t  system i n  [ 41. 
We next l e t  X(t,a) be a so lu t ion  as a funct ion of t f o r  
t > u t o  (3) w i t h  f 0 and 
X ( t , u )  = o f o r  t < u 










From t h e  representa t ion  given i n  (7) we have t h a t  t h e  rows 
of X( t , a )  a r e  given by 
x i ( t )  
Xi( t)  = Xi( a)Y( u , t )  
for t > a. Hence we obta in  
x ( t , a )  = X(a,a)Y(a,t) 
o r  
x( t ,a)  = Y(a,t) f o r  t > u.  
Fro; t h e  d e f i n i t i o n s  of Y and X fer d L t ve find t ha t  
X(t,a) = Y(a, t )  f o r  a l l  a,%. Using t h i s  r e s u l t  i n  (7)  we f i nd  
t h a t  t h e  so lu t ion  x of (3) w i t h  x = cp on [a-T,a] i s  given by 
(9) x ( t )  = cp(a )X( t ,u )  + I:f(a)X(t,a)da 




I n  t h i s  section we s h a l l  d i scuss  t h e  general  ad jo in t  system t o  (3) 
The general ad jo in t  systeln and t h e  associated b i l i n e a r  form. 
(of which  ( 4 )  i s  a spec ia l  case) .  
t h e  system (3) and i t s  ad jo in t  w i l l  be  given. 
A b i l i n e a r  form associated with 
Let -m < a < b < m with a < < b. Let x be a so lu t ion  
t o  (3) on [a,b] w i t h  f G 0 ;  t h a t  i s  
with x ( t )  = cp(t) for a-'t 5 t 5 a, where cp i s  of bounded var ia -  
t i o n .  Let y be a so lu t ion  of 
f o r  s c [a,b] and y(a)  = $(a)  f o r  a E [b,m), where j~ i s  of 
bounded var ia t ion.  Note t h a t  f o r  s < b, equation (11) may be wr i t t en  
s ince  /" P ( ~ , s ) Y ( ~ ) ~ Q  i s  constant i n  s f o r  s < b. Thus t o  solve 
(11) for s < b, one need give the  i n i t i a l  funct ion \1, only on 
[ b , b + ~ ] ;  t ha t  is, one may e s s e n t i a l l y  t ake  $ = 0 on ( b + T , m ) .  
b+T 
Let a < 0 < t < b. A t  t h i s  point  we assume t h a t  U+T < t. 








p a r t s  as i n  $1 we obta in  
We now cons 3er t h e  l a s t  t e r m  on t h e  r i g h t  i n  (12 I .  A s  i n  
which becomes, when one uses  the unsymmetric Fubini  type theorem, 
It 4 S)ds,;P(a, s)y(a)da* 
U-T 
Using t h e  f a c t  t h a t  U+T < t and p(a,s)  = 0 for a 5 s, t h i s  term 
can be wr i t t en  
la 4 S)dsr;P(a, s>y(a>da  
+ I;-% S)dsliP(a, s )y (a>da  
+ It p( S)dsI;Pca, S)Y(ddQ. 
U-T 
- 
Since f o r  s i n  [u-T,u] ,  t h e  term 
-12- 
i s  a constant function of s, t h e  t h r e e  i n t e g r a l s  above a r e  equal t o  
' Adding and subt rac t ing  t h e  term 
t o  (13) we obtain 





















s ince  for s i n  [a,t-T], t h e  term 
i s  constant  i n  s. 
Combining two of t h e  terms i n  (14), one 0btair.s 
Subs t i t u t ing  (15) for  t h e  l a s t  term i n  (12) gives  
- 14- 
Now f o r  s i n  [ u , t ]  we have t h a t  
i s  constant i n  s. 
may be wr i t ten  
Hence t h e  second term on t h e  r i g h t  s i d e  of  (16) 
Thus equation (16) may be wr i t t en  
If y i s  a so lu t ion  of (ll), we obta in  
- 15- 
then along solut ions x and y of (10) and (11) we have 
whenever u < t  and u+T < t .  
It i s  easy t o  see t h a t  i f  F(u)  = F ( t )  f o r  u and t 
a r b i t r a r y  such t h a t  u < t and 6 - c ~  < t, then F(o) = F ( t )  f o r  
a r b i t r a r y  u and t, u < t. T h i s  implies t h a t  F i s  a constant  
function. 
Hence, along solut ions x and y of (10) and (ll), t h e  
func t ion  g t ( x , y )  defined i n  (18) i s  a constant i n  t, a < t < b. 
We now have (17) holding for a r b i t r a r y  o < t, u , t  i n  
[a ,b] .  We next f i x  t .  We are  in t e re s t ed  i n  a representa t ion  f o r  
y(a)  f o r  a r b i t r a r y  o < t. 
For any u < t, l e t  X(a,u) be a so lu t ion  of (10) a s  a 
funct ion of a for a > a, sa t i s fy ing  x(a,u) = o for 3 < u, 
X(a,u) = E. Then (17) gives 
This  i s  t h e  same as 
-16- 
From t h i s  one sees  t h a t  knowing y on [ t , t + T ]  and X ( s , U )  f o r  
each u < t i s  s u f f i c i e n t  t o  f ind  y(U) f o r  U < t. 
As we have already seen, i f  
( t h i s  i s  ac tua l ly  t h e  system (11) with Y ( s , t )  spec i f ied  as Y ( s , t )  = 
0 f o r  s > t, Y ( t , t )  = E and Y( s , t )  s a t i s f y i n g  (11) as a funct ion 
of s fo r  s < t),  then Y and the  matrix funct ion X i n  (19) 
a r e  re la ted  by 
Y( s,t) i s  a so lu t ion  of (4 ) ,  
X ( t , a )  = Y ( a , t )  . Hence, (19) may be wr i t t en  
The formula ( 2 0 )  expresses y(u)  f o r  u < t as a funct ion 
of y (a ) ,  a E [ t , t + ~ ]  and the  solut ion matr ices  Y ( s , a ) ,  a e [ t - T , t t ] ,  
of (11) with " i n i t i a l  functions" @ ( s )  = 0 f o r  s > a, @ ( a )  = E. 
Note t h a t  t hese  r e s u l t s  agree w i t h  t h e  previous remarks 
about system (11) being wr i t t en  a s  
f o r  s < b, where one s p e c i f i e s  JI on [b,b+T] t o  obta in  a solu- 
t i o n  y( s) ,  s < b. 
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